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Abstract. In a recent paper (NietM M 1996 Quantum Semiclass. Opt8 1061, quant-
ph/9605032), the one-dimensional squeezed and harmonic oscillator time-displacement operators
were reordered in coordinate—momentum space. In this paper, we give a general approach for
reordering the multidimensional exponential quadratic operator (EQO) in coordinate—momentum
space. An explicit computational formula is provided and applied to the single-mode and double-
mode EQO through the squeezed operator and the time-displacement operator of the harmonic
oscillator.

1. Introduction

The exponential quadratic operator (EQO) plays an important role in quantum mechanics
and quantum optics. In quantum optics, such operators occur ubiquitously in topics related
to coherent and squeezed states. Consequently, it has always been important to devise
and explore simplifying computational procedures for reducing these operators into some
manageable forms. In many applications, one usually expresses these operators in their
normal ordered forms. In a recent paper [1], it has been shown that it is also convenient to
consider the reordering of these operators in coordinate—momentym phase space as

exp[s] explex?] exp[Bx ] exply 9?]

whereé, «, B andy arec-number parameters. Such reorderings, together with the following
identities [1, 2]:

explcd]h(x) = h(x + ¢) (1)

explrxd]h(x) = h(x€") (2
TR SR S G b

XpLeTIh () = e / § exp[ - } h(y) dy 3)

facilitate the computations of the wavefunction. Moreover, as pointed out in [1], reordering
the operators inc—p space can be applied to systems [3] with time-dependent potentials
such as

Vi, ) =g?0x*+gP0x +g%0) 4)
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Reordering EQO inx—p phase space is therefore an interesting problem that deserves
further investigation. Following Wei and Norman [4], Nieto [1] has reduced the one-
dimensional EQO reordering problem ir-p space into the solution of four coupled first-
order differential equations with four unknowns. However, a direct calculation formula that
relates the EQO to its reordered form is not available. Furthermore, the results have not
been extended to the-dimensional case.

In this paper, we start within the framework ofp space and construct a very general
approach which is suitable to reordering arbitrary mode EQOs to its reordered form in
x—p space. In the following section, we will outline this general approach and summarize
the essential steps. In section 3, we show that this general approach yields an explicit
formula for the reordering of arbitrary one-dimensional EQO. The formula is then applied
to the one-dimensional squeezed operator and time-displacement operator of the harmonic
oscillator. The results are the same as [1], but unlike [1], we need not solve a system of
coupled differential equations. Finally, in section 4, we consider the reordering of EQO
in two dimensions and apply the same technigue to the two-dimensional squeezed operator
and time-displacement operator of the coupled harmonic oscillator.

2. General approach

We denote the:-dimensional coordinate and momentum operators as
X = (x1,X2, ..., %) d=1ip=1(01,02,...,0,).
The commutation rule for these operators is
[xi, 9;] = =& (5)

Without any loss of generality, we shall consider the following EQO,

U= expE(x, 9) (l;;} 52> (g)} (6)

where D1, D,, F aren x n complex matrices and; = 51 and D, = 52; the tilde sign

denotes the transpose of a matrix. It is convenient to introduce the symmetric Radsx

(?}1 g ) and operator = %(x, d)R (g) By direct calculations, we first note that if
2

L and M aren x n complex matrices andV is a symmetricn x n complex matrix, then

the following identities hold:

[3xNX,0M] = 3(xNX0M — dMxNX) = —x - NM (7a)
[$0N3, xM] = 3(ANIxM — xM3INJ) =9 - NM (7b)
[xLd, xM] =x-LM (70)
[xLd,dM] = —d - LM. (7d)

From the above identities, one arrives at

[A, (x,)K] = (x, )RS 'K (8)

where K is an arbitrary 2 x 2n complex matrix andx denotes( _01 é) with I as an

n x n identity matrix.
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Using the above formulae and commutation relations, one can recursively compute the
following relations:

[A, (x, )] = (x, HRE " (92)
[A,[A, (x,0)]] = (x, h)RE - RZ ™ = (x, 9)(REH)? (9b)
(%)
Applying Baker—Campbell-Hausdorff (BCH) relations [5, 6], one obtains
. 1 . .

U, HU ™ = (x,0) +[A, (x, D] + A [A, (&, D] + - (10)
which immediately yields

U, U= (x,9) -expR-=7b). (11)
We next denotd” = (T“ le) = exp(R - =~1) we then find

11 Tz
-1 (T T
(x, DU = (x,0) (T21 Tzz) (12)

where Ty, T1o, T21 and T, are n x n matrices. TheT;;, i, j = 1,2 matrices are not

independent. To see this, we note that the exponential matrixR&xp'), satisfies

Y lexp—REHT = exp—X1R) = exp(RZ D). (13)

As ¥~ 1 = —%, the above equation (13) becomes

expRE-HT exp[(RT ) =% (14)
which, in our notation, can be recast as

TET = X. (15)
Expanding and equating the entries in equation (15), we obtain

7:"22T11 - 7~:12T21 =1 (162)

Ty =TTy (16D)

T22T12 = T12T22. (16c)

One can then easily manipulate equationcjlté obtain the relation
Ty = Ty, + T1aTp, Ton. (17)

Furthermore, by these identities, one can always have the following decomposition
Ty T\ (1 W e’ 0 I O
(T21 T22>_(0 1><0 e )(Z I) (18)

W = TipTop* Z =Ty 'Txn Y =—InTy (19)

with

Let
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o
el (3 9]

Using equation (11), one has

and

Ur(x, U = (x, a)<
Ua(x, Uyt = (x, 9) ( 0 )

Us(x, HUz ' = (x,9) (é ?)

Thus the reordered EQQ@)’ = U1U,Us, satisfies the following relation

, 1 I W\ (e o0 I 0\ T Tz
Ulx,)U —(X,3)<0 I)(O e‘Y><Z I)_(x’a)(T21 Tzz)' (20)

As shown in the appendix, operattr XU’ commutes with allk; and p; so thatU differs
from U’ by a c-number factor. This factor can be shown to be unity by evaluating the
matrix element between any two statesttoand U’ respectively (see the appendix or [7]
for details). Finally, we arrive at the following formula for reordering the EQOs in an
n-dimensionalk—p space:

exp[%(x, 3R (g)] = ex g ¥ WigV g2, (21)

In principle, one can reorder amydimensional EQO inc—p space through equation (21).

In summary, one can compute the EQO reordering-p phase space according to the
following fixed procedure.

(1) Given any EQO, one can rewrite it in the form of equation (6) to obtain the matrix
R, and hence the matricd3;, D, and F.

(2) One then computes the exponential matrix (@pX 1) = exp( g _%> and
, -

Tin T2

Ty T2)

(3) By equation (19), one can construét, Z andY explicitly.

(4) Finally using equation (21), one arrives at the reordered form.

obtains the matri

3. One-dimensional application

We now apply the above results to one-dimensional problems and the general procedure
simplifies considerably in this case. For one-dimensional problems, we have

U= exp[%(x, d) (i Z) <;>} (22)

wherea, b andc are all arbitraryc-numbers. Straightforwardly, we easily obtain

R ¢ —a)\ _ (coshh +c-sinhd /6 —a - sinho /0
expR - % )_eXp(b —c)_< b-sinhe/§  coshh —c-sinhgse ) (%3

Ty, Ti2
= 24
( 1 T2 ) (24)
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whered = +/¢2 — ab. Using equation (19), one obtains
— -1
w = "% sinho . (coshe — E)
0 0
Y=—1In [cosh@ _¢ sinh@] (25)
0

Z = gsinhe . (cosh& — g>_1.

Substituting equation (25) into equation (21) gives

ex 1-( a)ac X —;
P2 e b)\o)|T Jooswo—¢

.exp[%g sinhd (cosh@ — g)_lxz} exp[— In (cosh@ — g) x8]
X exp[%g sinhé (cosh@ — §>71 82} . (26)

Equation (26) is an explicit formula for reordering any arbitrary one-dimensional EQO.

To illustrate the use of equation (26), we consider two specific examples [1]: the time-
displacment operator of the harmonic oscillator and the squeezed operator in one dimension.
For the time-displacement operator of the harmonic oscillator,

—it
T = exp[—(x2 - az)} )
2
Comparing this expression with equation (26), we obtain

a = —it b=it c=0 0 =02 —(—it)-it =it.

Using equation (26), it follows

T ! ex [ | tans 2} exp[— In costxd] ex [i tantaz] (27)
= — —= X — X =
J/cost P 2 P P 2

which is just equation (44) of [1].
The one-dimensional squeezed operator is (equation (9) of [1]):
S(z) = expl-z1(xd + 3) +iz2(x* +9)/2]
which can be rewritten as

_ 1 iz —z1\ (X
U= exp[z(x, d) <_Zl iy 5| (28)
Comparing it with equation (12),
a=b=iz c=-21 6 =vVz2+z22=r

Using equation (26), one easily sees that

1 i -1
U= : exp['z—2 sinhr (coshr +2 sinhr) x2:|
2r r

/coshr + 2 sinhr

.exp[— In (coshr + % sinhr) xa]

r

i -1
X exp['zz—2 sinhr (coshr +4 sinhr) 82} (29)
r

which is just the equations (37) of [1].
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4. Two-dimensional application

Finally, we consider the two-dimensional problem and reorder some two-dimensional EQOs
in x—p space. The two-mode squeezed operator is given by [8]

S = explgaiaz — g*a1"az"].

Using (a;T, a;) = \ifz(x,», 0;) (_11 1) we can rewrite this squeezed operafoas
! (g0 0\ o1
S = exp|:§(x, AN ( 0 (g)a> N5 (30)
whereo = 0 1 N=231 L1 and/ is the 2x 2 identity matrix. Here, both
7=\1 o)V T\ 1 y Shiaths

anda are two-dimensional (two modes) vectors. lRebe the matrix given by

_*
R=N< g0 O)N—l.
0 go

It is easy to see that

S1 0 g'o -1
exp(RX ™) =N exp(go 0 N (31)
3 (cosh|g|~1+%sinh|g|.a &t sinhlg| - o ) (32)
%sinh|g| o coshig| - I — %sinh|g| o)’

Following our general procedure and denoting as @sinh|g|, we obtain via

. 2lg|
equation (21)
W — —5_ < Sy cosh| g|>
coslt|g| — 52 coshlg| Sy
s ( Sy cosh|g| > (33)

= ———"
coslt|g| — 52 cosh|g| St
Y=_|n<cosh|g| —54 )

—s.  coshig]

With these quantities solved, one obtains from equation (11)xthereordered form for
the two-modes squeezed state operator.

For the time-displacement operator of a two-dimensional coupled harmonic oscillator
with the Hamiltonian

H:%(x)?+8§)+)»x1x1 —-1<A«1
we have the time-displacement operator
1 X
U_exp[é(x,a)R<5>} (34)
whereR = —itM .O andM = Lo . With this notation, we see that
0 it] Al

cosivM) i M sin(tv/M) ) (35)

quRZ_l) = ( isin(tv/M)
v cogtv/M)
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wherev/M = (Zﬁfa")) ;')2‘:)) andw = %sin‘lk. Again using equation (9), we have

W = ivM tan(tv/'M)

|
Z = NIz tan(tv/M) (36)

Y = — In[cos(tv/M)].

From equation (21), the—p reordered form for the two-dimensional time-displacement
operator of the coupled harmonic oscillator can thus be written down.

Appendix

In this appendix, we shall show that the operatbri’ commutes with the position and
momentum operators and consequeritlydiffers from U’ by a c-number which can be
shown to be unity. We first note that and U’ satisfy the relation

Ux,HU P =U'(x,)U" "t = (x,dT.
For the position operator, since
UxUt=U'xU""
we have
xUWU =UU'x.

This meansUU’~! commutes with all position operators. Similarly, one can show that
U~tU’ commutes all momentum operators. Clearly, by Schur’s lemma, one concludes that
U~tU' is proportional to unity and thus’ =c¢- U.

Next we determine the value of Let|f) and|g) be the eigenstate of operatorand
d with zero eigenvalue. Clearly,f|x = 0 andd|g) = 0. Further, using the definitition of
U’, one can immediately see that

(f1U'lg) = (f1ULU2Uslg)
= (f1U2lg) since(f|U1 =0 andUs|g) = 0

= (flexp(—13Y%)lg)
= (flexp(—i{xYd +trY})lg)
= exp(—3trin Too) (f1g). (37)

We denote &€= by the following form:

gRE _ <T11(f) T12(t)>
Tou(t) T

and proceed to calculate the matrix element value“é)foetween(ﬂ and|g) as
v(t) = (f1e4]g).
However, we note thal|g) = 0 and(f|x = 0, so that the derivative’(r) is given by

V(1) = 110D + tr F)eg). (38)
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In equation (38), we have used the identitf i = xFd + tr F. From the transformation
property of operator’d in equation (12) we obtain the following matrix identity:

0= (fle4dalg) (39)
= (fI[Ta2(0)F + Too(0][xTaat + D Toa(1)]E|g) (40)
= Toa(t) T12()0(t) + Toa(1) (£ 130€4 |g) T (1). (41)
Without loss of generality, one can assume that®etr)) # 0, so that
(0f180€|g) = —T1o(t) Toa(t) M0 (1) (42)
which leads to
(01 D23€410) = —v (1) tr[ Do T1oToo(r) ). (43)
Substituting equation (43) into equation (38) we obtain
V(1) = v(0)3 [ F — DaTaaToa(t) ). (44)
On the other hand, one sees that the derivative offthmeatrix is given by
d (Tll(t) T12(l)> _ < F —Q1> (Tll(l) T12(¢)> . (45)
dr \ T2a(t) T22(7) D, —F ()  Too(t)
Immediately it follows
dTézt(t) = DoTia(t) — FTo(1). (46)
Putting equation (46) into equation (44), one sees tk@atsatisfies the differential equation
V() = —%v(t) tr [dTéi(’) T22(t)_1]
which can be integrated using the conditiof®) = (f|g) to give
v(1) = expl=3 trin T2(1( f18) (47)

Comparing equation (37) and equation (47) and rememberinglihat &, the value of
c-number factor is unity so thdl = U’.
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